We examine whether the free energy of N = 4 super Yang-Mills theory (SYM) in four dimensions corresponds to the partition function of the AdS 5 × S 5 superstring when corresponding operators are inserted into both theories. We obtain a formal free energy of N = 4 U (N ) SYM in four dimensions generated by the Feynman graph expansion to all orders of the 't Hooft coupling expansion with arbitrary N. This free energy is written as the sum over discretized closed two-dimensional surfaces that are identified with the world-sheets of the string. We compare this free energy with a formal partition function of the discretized AdS 5 × S 5 superstring with the kappa-symmetry fixed in the killing gauge and in the limit corresponding to the weak 't Hooft coupling limit in the SYM. We find common properties on both sides, although further studies are required to obtain a more precise comparison. Our result suggests a mechanism for how the world-sheet appears dynamically from N = 4 SYM, thus enabling us to derive how the AdS 5 × S 5 superstring is reproduced in the AdS/CFT correspondence.
Introduction
The AdS/CFT correspondence proposed by Maldacena states that the superstring theory on AdS 5 × S 5 background corresponds to N = 4 super Yang-Mills theory (SYM) in four dimensions [1] . In the g s → 0 and the α ′ → 0 limit of this conjecture, it was established that the supergravity on AdS 5 × S 5 corresponds to N = 4 SYM in the large N and the large 't Hooft coupling (λ = g 2 Y M N) limit [2] [3] [4] [5] . In the g s → 0 limit and the weak α ′ expansion, which corresponds to the strong λ expansion in the SYM (λ =
α ′2 ), comparison is difficult because we know little about the strong coupling SYM while we know much about the weak coupling SYM. If we take the BMN limit 1 further, the AdS/CFT correspondence reduces to the correspondence between the superstring theory on the pp-wave background and the BMN sector of N = 4 SYM in the large N limit [10] [11] [12] [13] . Although we can compare this limiting string theory with the weak coupling SYM effectively by using the composite coupling expansion (λ/J 2 where J is the large R charge), we fail to see the correspondence at three loops [14, 15] . Therefore, we need to find the string description dual to the weak coupling SYM [16] . We also need to examine the correspondence in the g s expansion.
On the other hand, recently the c=1 U(N) matrix model, which corresponds to the c=1 string theory nonperturbatively, has been developed extensively [17] [18] [19] [20] [21] by incorporating the ideas in the tachyon condensation [22, 23] , D-branes and the AdS/CFT correspondence. Next we need to develop the AdS/CFT correspondence by incorporating back the ideas in the c=1 matrix model [24] [25] [26] [27] [28] [29] [30] . One of the most important facts in the correspondence between the c=1 matrix model and the c=1 string theory is that the free energy of the matrix model equals the partition function of the string theory. The first evidence for this fact is based on the appearance of the world-sheet in the c=1 matrix model, which can be summarized as follows [31] . The formal free energy of the matrix model can be written perturbatively as the sum of the connected bubble diagrams. In the double-line notation each diagram has a dual diagram, as Fig. 1 shows, which forms a two dimensional surface corresponding to the world-sheet of the string. The N dependence on the bubble diagram is N 2−2h where h is the number of genuses of the two dimensional surface. This dependence means a genus expansion. Consequently, 1/N corresponds to the string coupling. Each coefficient of N
2−2h
1 Quantum analysis of the full AdS 5 ×S 5 superstring has not yet succeeded, although integrable properties in the superstring are expected to contribute to the analysis [6] [7] [8] [9] .
corresponds to the formal partition function of the c=1 string theory discretized on random lattices with a fixed genus number. This relation shows the correspondence to all orders of not only α ′ expansion but also g s expansion.
This kind of relation should also exist in the AdS/CFT correspondence. In fact the genus expansion was originally found in Yang-Mills theory by 't Hooft [32] and can be described as follows. The formal free energy in Yang-Mills theory can be written perturbatively as the sum of the bubble diagrams, which correspond to world-sheets in the same way as the c=1 matrix model (Fig. 1) . The N and g Y M dependence on each bubble diagram is 
This dependence indicates the existence of the string theory dual to the weak coupling SYM and the relation in the AdS/CFT correspondence analogous to the correspondence between the free energy of the c=1 matrix and the partition function of the c=1 string.
The purpose of this paper is to examine whether the free energy of N = 4 SYM in four dimensions corresponds to the partition function of the AdS 5 ×S 5 superstring to all orders of the string coupling constant when corresponding operators are inserted into both theories in the same way as in the c=1 case 2 . First we obtain a formal free energy of the SYM generated by the Feynman graph expansion to all orders of the weak coupling λ with arbitrary N. Next we discuss what the string theory dual to the weak coupling SYM is. We also obtain a formal partition function of the discretized string theory in the limit corresponding to the weak coupling limit of the SYM and compare it with the free energy. Although the partition function of the superstring and the free energy of the SYM should be zero because of the supersymmetry, we find that the formal partition function and the formal free energy have non-trivial forms and seem to correspond to each other. Moreover, even if we insert certain operators into the formal partition function of the string theory and into the formal free energy of the SYM, the above correspondence is still valid.
The organization of this paper is as follows. In section 2 we review the equivalence between the formal free energy in the c=1 matrix model generated by the Feynman graph expansion and the formal partition function of the c=1 string theory discretized in random lattices. In section 3 we obtain the formal free energy of U(N) N = 4 SYM in four dimensions generated by the Feynman graph expansion. In section 4 we obtain the formal partition function of the discretized AdS 5 × S 5 superstring in the limit corresponding to the weak 't Hooft coupling limit in the SYM and compare it with the free energy in the previous section. In section 5 we summarize and discuss the results. In Appendix A we summarize the Feynman rules for N = 4 U(N) SYM in the double-line notation. In Appendix B we obtain the formal free energy of ten dimensional U(N) N = 1 SYM as in the same way as in the four dimensional N = 4 SYM case. In this section we briefly review how the world-sheets appear in the c=1 matrix model.
Especially we show that the perturbative formal free energy of the c=1 matrix model is equivalent to the formal partition function of the c=1 string theory discretized on random lattices.
We begin with the action of the c=1 matrix model:
where Φ is a N × N Hermitian matrix. The propagator in the double-line notation is given
where
whereas the interaction vertex is given by
The Feynman diagrams are shown in Fig. 2 . Fig. 1 . The diagram has a dual diagram, which is shown by bold lines in Fig.   1 ; the interaction vertices, propagators and inner loops correspond to the faces, edges and vertices in the dual diagram, respectively. Then the dual diagram forms a random lattice on the two dimensional closed surface that will be later identified with the world-sheet of the dual string. If we represent the number of the faces, edges and vertices in the random lattice as F, E and V, respectively, the N dependence on the Feynman diagram is expressed
, where h is the number of the genuses of the random lattice. Therefore, F matrix is generated by a genus expansion as follows:
where i, j and k represent the points of the interaction vertices on the Feynman diagrams and i, j represents nearest neighbors between the interaction vertices as can be seen in Fig. 1 .
random lattices means the sum over arbitrary random lattices that form two dimensional closed surfaces. We ignore the symmetric factors, which go to 1 when the continuum limit is taken.
On the other hand, by discretizing the c=1 string theory
on random lattices as
and by identifying e γ ≡ 1/N and e −βA ≡ g where A is the area of one face
we obtain Z c=1 string = random lattices
This theory and the theory whose formal partition function takes the form (2.5) belong to the same universality class in the continuum limit. Therefore, the perturbative formal free energy of the c=1 matrix model is equivalent to the formal partition function of the c=1 string theory discretized on random lattices. This is the first evidence for the correspondence between the c=1 matrix model and the c=1 string theory to all orders of the string coupling and α ′ coupling.
N = 4 Super Yang-Mills
In this section we will obtain a formal free energy of N = 4 U(N) super Yang-Mills theory (SYM) in four dimensions analogous to (2.5).
We begin with the action of N = 4 U(N) SYM in the Feynman gauge: 
component Weyl spinor that satisfies the Majorana condition ψ * = ψ. We summarize the Feynman rules in the double-line notation in Appendix A.
Formal Free Energy in Bosonic Part of N = 4 SYM
In this subsection we will obtain the formal free energy of the bosonic part of N = 4 SYM to all orders of λ in the Feynman graph expansion with arbitrary N. In the following we consequentially sum up the interactions in order to explain our result.
The difficulty of obtaining the free energy is overcome by assigning quantum numbers
) that represent the propagators on the links between the vertices i and j.
M ij and the relations between M ij and M ji are defined in Fig. 3 . First we sum up the three point interactions among the gauge fields A µ and the scalar fields X I in Fig. 7 in the Appendix A. The result is
where k µ ij is defined to flow from j into i and to satisfy k
Throughout this paper we ignore symmetric factors, which go to 1 when the continuum limit is taken. In the second line of (3.3), i represents vertices and j q (q = 1, 2, 3) represents the vertices around i counterclockwise (See Fig. 4 ). In this formula we define k I ij (I = 4, · · · , 9) and insert δ 6 (k I ij ) in order to sum up AAA interactions and AXX interactions. For example, when M ij 3 = 4, · · · , 9 the first term in the second line does not contribute, whereas when M ij 3 = 0, · · · , 3 it contributes. 3 We redefine the -ig 
Figure 4: notation of the three and four point interactions
In the same way, we obtain the following form in the sector of gauge fields A µ and ghosts c andc:
where we define k a ij (a = 10, 11) and insert δ 2 (k a ij ) in order to sum up AAA interactions and Acc (Acc) interactions.
Finally, in the full bosonic sector of N = 4 SYM we need to sum over arbitrary random lattices that consist of three point vertices i(3pt.) and four point vertices i(4pt.) as shown in Fig. 1 and Fig. 4 . The free energy is given by
where we use a projection
because there is no ghost contribution to four point vertices.
Formal Free Energy of N = 4 SYM
In this subsection we incorporate the fermion interactions and we obtain the formal free energy of N = 4 SYM. In general, we need to care about the minus signs for interchanges of Majorana fermions in addition to counting the number of fermion loops because there are two ways of performing Wick contractions:
On the one hand, in the ordinary notation of the Feynman diagrams we do not need to care about the minus signs except for the one for fermion loops because of the following property:
On the other hand, in the double-line notation there is no such property:
Therefore, we introduceψ in the action just to count the minus signs for fermion interchanges as follows: 1,2,3) ) In the next section we will examine whether this free energy of N = 4 SYM is equivalent to the formal partition function of the AdS 5 × S 5 superstring discretized on random lattices.
An immediate problem is that the continuous degrees of freedom in the formal free energy, which are integrals over k µ , are just four, whereas those in the formal partition function of the string are the sum of the ten scalar degrees of freedom and the fermionic degrees of freedom. In the next section we will find a natural solution to this problem by considering the string theory in the limit corresponding to the weak 't Hooft coupling limit in the SYM.
Discretized AdS 5 × S

5
Superstring
In the previous section we obtained the formal free energy of the SYM by the weak 't Hooft coupling expansion. In this section, we consider for comparison the AdS 5 × S 5 superstring 4 In the c=1 case, the dependence g F on the free energy of the matrix model implies the existence of the cosmological constant in the dual string. On the other hand, no such dependence on the free energy of the SYM implies the absence of the cosmological constant in the AdS 5 × S 5 superstring. This is consistent with the Weyl invariance in the AdS 5 × S 5 superstring.
dual to the weak 't Hooft coupling SYM. As the leading order, a formal partition function of the superstring is then obtained on the discretized world-sheet with the limit corresponding to the weak 't Hooft coupling limit in the SYM and compared with the previous result.
In order to see how to take such a limit in the AdS SYM [34] . In the closed string point of view, we begin with the N coincident D3-brane background:
The closed string coupling constant g s in this formula can be rewritten in terms of the gauge theory by using the relation in the open-closed duality
In order to observe the vicinity of the D3-branes we need to rescale the radial coordinate as
and to take the α ′ → 0 limit (near horizon limit) with the 't Hooft coupling λ fixed. As a result, we obtain the AdS 5 × S 5 background,
The AdS radius and the S 5 radius have the same value R = λ 
This observation suggests the correspondence between N = 4 U(N) SYM and the superstring on the AdS 5 × S 5 background (4.5).
In this full correspondence there are degrees of freedom of a coordinate transformation in the target space of the AdS 5 × S 5 superstring when the coupling constant λ is finite, because the coordinate transformation is absorbed by the field redefinition of the scalars that represent the coordinates. However, if a limit of λ is taken, the theory obviously depends which coordinates are taken [16] . Therefore, when we consider the weak or strong coupling limit, we need to fix coordinates as follows.
The system dual to the strong coupling N = 4 SYM can be described by the supergravity on the corresponding background because the curvature of the background is small as λ = R 4 α ′2 → ∞. If one takes the strong 't Hooft coupling limit in the background metric (4.5), it shrinks to a six dimensional metric and the supergravity description is invalid. Consequently, we need to further rescale the coordinate asũ := √ λu and to take the limit λ → ∞ with the coordinateũ fixed. We obtain
This procedure is the way, in which the coordinates are fixed on the gravity side in the established duality between the strong coupling N = 4 SYM and the type IIB supergravity on the AdS 5 × S 5 background.
On the other hand, in order to obtain the dual system to the weak coupling N = 4 SYM, we need to take the opposite limit, such as the λ(= R 4 α ′2 ) → 0 limit in (4.5). Because the curvature of the background is too large, supergravity cannot describe this system anymore.
Therefore, we move to the string description of this system:
By discretizing the world-sheet, we obtain 8) which is defined on a discretized world-sheet that is constructed from triangles and quadrangles. We fix the original coordinates (4.5) because we need to leave only four dimensional coordinates in the weak coupling limit in order to reproduce the result from the previous section. In fact, in the λ → 0 limit (4.8) reduces to the leading term on each discretized world-sheet:S
We treat the other terms in (4.8) as higher order corrections to the action (4.9) on each discretized world-sheet in the small coupling λ.
So far we have discussed the bosonic part of the closed string. In the following we move to the full description of the AdS 5 × S 5 superstring. Because it is difficult to discretize the superstring action with manifest kappa symmetry [35, 36] , we start with the AdS 5 × S 5 superstring with kappa symmetry fixed in the killing gauge [37, 38] Dg Dx Du Dŷ Dψ
where σ α (α = 1, 2) is world-sheet coordinates. e γ is a string coupling constant and h is the number of genuses. x µ , u,ŷ I (ŷ 2 = 1) and ψ represent the four dimensional scalars, the radial coordinate, the six spherical coordinates of S 5 and 16 component Majorana-Weyl fermions, respectively. γ µ and γ I are defined in (3.2). We choose this gauge because there remain four dimensional Lorentz covariance and supersymmetry in this gauge.
By discretizing the world-sheets and taking the λ → 0 limit in the action defined on each discretized world-sheet, we obtain the sum of the leading terms 5 ,
random lattices
where random lattices means the sum over arbitrary discretized world-sheets that are constructed from triangles and quadrangles. We call Z random the partition function for a discretized world-sheet. This limiting theory is equivalent to the theory that is obtained by taking the geometric zero radius limit of the AdS 5 ×S 5 superstring with the kappa symmetry fixed in the killing gauge in [33] , where a new AdS/CFT correspondence and a Feynman 5 Dŷ1 = 1 is used.
rule of N = 4 SYM in a superspace are proposed 6 . By rescaling fields and removing λ in the action of (4.11), path-integral measures produce a factor 7 of λ and we obtain
random lattices 12) where n r is an integer-valued function of the number of the faces, edges and vertices in the triangles and quadrangles on the random lattice 8 . We cannot determine n r because of ambiguity in the definition of the path integrals. For example, rescaling u i and rescaling x µ i
and ψ i produce different factors. In general, it is difficult to determine a factor of a path integral. We plan to study this problem in the future. In order to make the quartic fermion term quadratic, we rewrite this path integral to the first order form:
random lattices random lattices
Finally, we compare the formal free energy of the SYM (3.7) and the formal partition function of the superstring (4.14). More precisely, we compare each bubble diagram in (3.7) and the partition function for the corresponding discretized world-sheet Z random in (4.14).
The common properties of (3.7) and (4.14) are as follows: First, the continuous degrees of freedom in (3.7) and (4.14) are the same as in k µ ij and in p µ ij , respectively, which are defined on the nearest neighbors on the random surfaces. That is, this result implies that the fourier momenta k µ ij of the four dimensional coordinates in the SYM should be identified with the canonical momenta p µ ij of the four scalars in the string. Second, (3.7) and (4.14) depend on k µ ij (= p µ ij ) only through k 2 ij and k µ ij γ µ because they are Lorentz invariant in four dimensional spaces. Third, on every corresponding cite (3.7) and (4.14) have the same delta function, which represents the momentum conservation on every cite in the SYM. In order to compare (3.7) and (4.14) more precisely, we need to perform the summation over M ij in (3.7).
Summary and Discussion
We obtained a formal free energy of N = 4 U(N) super Yang-Mills theory in four dimensions generated by the Feynman graph expansion to all orders of the weak 't Hooft coupling with arbitrary N. This free energy is written as the sum over discretized closed two-dimensional surfaces that are identified with the world-sheets of the dual string. We compared, to all orders of the string coupling constant, this free energy with a formal partition function of the discretized AdS 5 × S 5 superstring with the kappa-symmetry fixed in the killing gauge and in the limit corresponding to the weak 't Hooft coupling limit in the SYM. As a result, we We cannot insert operators that consist of the radial coordinate and the S 5 coordinates into the partition function of the superstring in the leading order of λ. This fact implies that we can treat only the four dimensional sector of the superstring in our perturbation.
It is important to study whether the free energy of the SYM corresponds to the partition function of the superstring when full corresponding operators are inserted.
Further studies 9 are required to obtain a more precise comparison: First, we need to calculate the sum over M ij in the free energy (3.7). Second, we need to determine the dependence on λ in the partition function (4.14). Third, we need to calculate the higher order corrections of λ to the partition function (4.14).
Our studies show that in arbitrary λ, one bubble diagrams of the SYM depend only on λ V ; whereas one partition functions for discretized world-sheets Z random have infinite forms of λ dependence, which come from the higher order corrections in general. If there is no higher order correction because of supersymmetry, we expect that Z random depends only on λ V on the string side and that each bubble diagram of the SYM corresponds to Z random .
Even if there are higher order corrections, we expect that in total, the sum of all bubble diagrams of the SYM corresponds to the sum of the partition functions for all discretized world-sheets of the superstring in the continuum limit, because the functional forms in (3 .7) and (4.14) do not depend on the configurations of random lattices.
In our analysis, λ in the SYM behaves like g in the c=1 matrix model. Therefore, in the continuum limit, λ should approach its critical value λ c , and the renormalized difference between λ and λ c should be
α ′2 in the superstring, analogous to the cosmological constant in the c=1 string theory.
In summary, our result suggests a mechanism for how the world-sheet appears dynamically from N = 4 SYM, thus enabling us to derive how the AdS 5 × S 5 superstring is reproduced in the AdS/CFT correspondence. (
